The newly developed single trajectory quadrature method is applied to a twodimensional example. The results based on different versions of new perturbation expansion and the new Green's function deduced from this method are compared to each other, also compared to the result from the traditional perturbation theory. As the first application to higher-dimensional non-separable potential the obtained result further confirms the applicability and potential of this new method.
Introduction
Recently a new method has been developed in Refs. [1, 2] to solve the low-lying quantum wave functions of Schroedinger equation using quadratures along a single trajectory. Based on the expansion on 1/g, where g is a scale factor expressing the strength of the potential, Schroedinger equation can be cast into a series of first order partial differential equations, which is further reduced to a series of integrable first order ordinary differential equations by single-trajectory quadratures. New perturbation series expansion and Green's functions of the wave equation are also derived based on this method, both for one-dimensional and N-dimensional cases. Some examples for one-dimensional problems have been illustrated in [1, 2] . Recently this new method has successfully applied to solve quantum dot problem [3] and Yukawa potential [4] .
In this paper, as the first complete illustration, this new method is applied to higher dimensional problems. Specially, it is shown in the paper how to derive the single trajectory based on Hamilton-Jacobi method. Schroedinger equation with a two dimensional non-separable potential is solved using this new method, based on two different versions of perturbation series, exponential and polynomial expansion, and using the Green's function deduced from this method. The results show that these different versions are all equivalent. It is also shown in the paper that the result of the new method is the same as the one based on the traditional perturbation theory. It is much easier to obtain higher order perturbed wave functions using this new method, compared to the traditional perturbation theory where the calculation of the second order perturbed wave function is already quite tedious. These results further confirm the potential of this new method in the future developments and applications.
The paper is organized in the following way. In Section II. A brief review of the single trajectory quadrature method is given first. It is followed by a complete illustration to solve Schroedinger equation with a simple two-dimensional non-separable potential
The same problem is solved using exponential and polynomial perturbation expansion, respectively, in Section III. In Section IV the Green's function method derived based on the new method is applied to the same example. Comparisons between different versions of this new method and to the traditional perturbation theory are given in Section V, together with a brief discussion and summary.
Application to a two-dimensional example
The method newly developed in refs. [1, 2] provides a completely new way to solve the low-lying quantum wave function for one particle N-dimensional Schroedinger equation based on quadratures along a single trajectory.
where
is the Hamiltonian of a unit mass particle, and
3)
The method consists three basic steps:
1. For a potential V (q) ≥ 0, a scale factor g 2 is introduced as
Expressing Φ(q) = e −gS(q) , Both gS(q) and the energy E are expanded in terms of 1/g in the following way.
Substitute the expansion (2.5) and (2.6) into the Schroedinger equation (2.1) and equating the coefficients of g −n . After this step the second order partial differential Schroedinger equation changes to a series of first order partial differential equations of {S i } and {E i }. 2. The lowest order equation of S 0 in the series of equations, i. e.,
is equivalent to a Hamilton-Jacobi equation in classical mechanics with −v as its potential and e = 0 + as the total energy. It could be proved that the solution S 0 can be written as
where the integral is along the trajectory q(t) satisfying the classical equations of motion q(t) = ∇v (2.9) and the energy conservation
The solution of (2.8) determines a single classical trajectory S 0 .
3. Introduce a new set of variables S 0 and
, all {S i (q)} become functions of S 0 and α, i. e, {S i (S 0 , α)}. Based on (2.12) the series of first order partial differential equations of {S i } reduces to a series of first order ordinary differential equations with variable S 0 . These equations can be solved by quadratures along the single trajectory of constant α, i. e, along S 0 . Now we turn to the example of two dimensional non-separable potential. To solve Schroedinger equation
HΦ(x, y) = EΦ(x, y) (2.13)
14)
where V (x, y) = g 2 v(x, y) and
we follow the three steps of the new method. 1. Express Φ = e −gS and introduce the expansion (2.5) and (2.6) for gS and E. Substituting (2.5) and (2.6) into (2.13) the series of equations for {S i } and {E i } are obtained: 
and (x, y) satisfy the equations of motion:
In the following we take U(x, y) = x 2 y 2 as our example. To solve (2.18), further expansion of x and y on µ is introduced:
A series equations for different orders of µ is obtained:
We first solve eq. (2.20) and obtain
Introducing the initial condition:
we have
The undetermined constants c x and c y will be fixed after solving the series of equations of {x i } and {y i }, by fixing the end point of the trajectory (x T , y T ) at final time T . Now we solve equation (2.21) for (x 1 , y 1 ). Substituting (2.25) into (2.21) we could obtain
Similarly, substituting (2.25) and (2.26) into (2.22) the solution could be obtained as
In principle, the whole series of {x i } , {y i } could be obtained by solving the series of equations in different orders of µ. In the following we will study the result up to the order of µ 2 , i.e.,
Now using the condition that (x, y) = (x T , y T ) at t = T , we can fix c x and c y up to µ 2 :
] .
(2.29)
It can be readily shown that the solution (2.28) satisfies the energy conservation condition, namely
Substituting (2.25)-(2.29) into (2.17) and taking T 0 = −∞ we obtain
3. Now we try to solve {S i } and {E i } using the single trajectory quadrature along S 0 . After S 0 is obtained, making the variable transformation, the series of equations (2.15) becomes a series of quadratures along the single trajectory S 0 :
To perform the integration we first make the transformation
This can be derived by directly substituting (2.31) into the left hand side of (2.33). By direct integration over t, we obtain the following result of {S i } and {E i } to the order of µ 2 and 1/g :
(2.34)
Putting the above results together we have the approximate wave function and energy of the ground state, up to the order of µ 2 and 1/g, as follows:
The result shows clearly the two expansion series of µ and 1/g. In principle, this solution could reach higher accuracy by treating higher orders of µ and 1/g. This example gives us a general illustration of how to solve the ground state wave function for high-dimensional Schroedinger equation with non-separable potential.
Two versions of the new perturbation expansion series
For the same potential
the problem can also be solved by a new perturbation expansion based on the new method. For this purpose, let us define
The unperturbed Hamiltonian is
It is very easy to solve
The obtained trajectory is the same as (2.25), namely
which satisfies the initial condition (x, y) = (0, 0) at t = −∞. The constants c x and c y are determined by the boundary condition (x, y) = (x T , y T ) at t = T and given as
we introduce Ψ = e −gS 0 −S 1 χ, (3.11)
then expand E and χ on 1/g. For the energy E, we have the same expansion as (2.6). There are two ways to expand χ, which will be shown in the following. 1. Exponential expansion of χ.
Substituting (3.11)-(3.12) into (2.10), a series of equations of {S i } and {E i } are obtained as follows:
This series of equations looks very similar to (2.15). However, there are two differences between them. First, the S 0 here is the solution of (3.7), which is exact and very simple. Second, the equation for S 2 in the order of g 0 has a factor ǫU due to the perturbation, while in (2.15) g 2 µU is 1included in the potential v in the equation of S 0 in the order of g 2 . Now, we use the simple solution of H 0 , i.e., (3.9), to define the single trajectory
and perform the same procedure for (3.13), as we have done in Section II. To reach the same accuracy we have to take the expansion to the orders of ǫ 2 and g −5 . In the calculation x and y in the integrand are expressed as (3.
(3.14)
Remembering ǫ = g 2 µ the above results are the same as (2.34). If we introduce gλU = g 2 µU (3.15)
instead of ǫU, the same procedure could be taken. Only the second and third equations in (3.13) should be changed, due to the change of the order in g in the perturbation potential:
The perturbation potential λU now enters the equation of S 1 in g 1 order. To reach the same accuracy we need here the expansion only to the order of λ 2 and g −3 . For U(x, y) = x 2 y 2 , the results are exactly the same as (3.14) up to the order of λ 2 and g −3 (i.e., ǫ 2 and g −5 ). 2. Polynomial expansion. Now, we introduce the expansion
and perform the same calculation for the perturbations ǫU and gλU, respectively. Substituting (2.6), (3.11) and (3.17) into (3.10), comparing the coefficients of the same order of g −n , the series of equations of S 0 , S 1 , {χ i } and {E i } could be obtained.
For the perturbation ǫU we have
Based on the first equation of S 0 , the same trajectory of S 0 = 1 2 (x 2 + by 2 ) is obtained. All {χ i } could be solved by quadratures along the single trajectory S 0 , which is again transformed to the integration of T −∞ dt. For U = x 2 y 2 , the final results up to the order of ǫ 2 and g −5 are
It is easy to prove that the polynomial expansion is equivalent to the exponential one. When we expand (3.12) as
and compare to (3.17), we have
. . .
Substituting (3.20) into (3.18) we return to (3.13) for S 2 , S 3 · · ·. In fact, when we expand e −g −1 S 2 −g −2 S 3 ... according to (3.14), the obtained expressions are equivalent to (3.19) up to the order of ǫ 2 and g −5 . Similarly, taking the perturbation gλU, the expansion gives the following series of equations:
21) Performing the same procedure for our example with U = x 2 y 2 , expanding to the order of λ 2 and g −3 , the obtained final results are equivalent to (3.19) for gλ = ǫ.
The new Green's function method
Based on the new method the Green's functions are introduced in ref [2] and applied to some one-dimensional examples. Now we are going to use the new Green's function to solve our two dimensional example. Assume that we have a two dimensional unperturbed Hamiltonian
with V 0 (x, y) = g 2 v 0 (x, y). The corresponding Schroedinger equation
can be solved and gives the unperturbed ground state wave function e −gS 0 and energy gE 0 . Introducing a perturbed potential ǫU, the Schroedinger equation is now
The perturbed wave function Ψ = e −gS 0 χ can be obtained using the following Green's function expression: [2] Ψ = e −gS 0 + Gǫ(−U + ∆)Ψ, (4.4) where
To obtain the operator C in G we have to start from the trajectory S 0 which is obtained by solving the unperturbed Schroedinger equation (4.2). After the variable transformation (x, y) → (S 0 , α) under the condition ∇S 0 · ∇α = 0, the operator C is defined as
and h
When S 0 is known the wave function Ψ can be obtained according to (4.4) and (4.5) by quadratures along the single trajectory S 0 . Now we turn to our example with
As shown in Section III, the trajectory is given by (3.8)-(3.9) as dS 0 x 2 + by 2 .
(4.13)
Introducing the expressions of x(t) and y(t) in (4.11) into (4.13), we finally have
Considering the simple example of ǫU = ǫx 2 y 2 , we expand χ as
Substituting (4.15) into (4.5'), we obtain the following equation:
For any x 2l y 2m , after integration over t, we have
Specially, we define, similarly to in ref. [2] ,
(4.20)
The expressions of the Γ's are given in Appendix.
applying (4.17) and (4.18) successively in (4.16), equating the coefficients of each term x 2l y 2m , a series of equations for the unknown coefficients {α l }, {β m } and {a lm } are obtained. To solve these equations we need to further expand ∆ and all the unknown coefficients on ǫ:
First the coefficient of the x 0 y 0 -term gives
Introducing the ǫ-expansion, comparing the coefficient of the same order of ǫ, we have, for ǫ 1 -term,
To obtain α l (1), β m (1) and a lm (1) we analyze the other terms in (4.16). After expansion on ǫ, the ǫ 1 -term gives
, a lm (1) = 0 for l + m > 2. Now we turn to the ǫ 2 -term, keeping only the x 2 -and y 2 -terms we have
Applying (4.17) and (4.18) successively, substituting (4.24), (4.28) into (4.30), comparing the coefficients of x 2 -term and y 2 -term, respectively, we have
].
(4.31)
Following similar procedure for the other terms of the order ǫ 2 , we obtain the coefficients a 11 (2) =
, for x 4 -term;
, for x 4 y 2 -term;
, for x 2 y 4 -term.
and
Comparing to (3.19) the above results are exactly the same up to the order of ǫ 2 and g −5 .
Summary and conclusion
The single trajectory quadrature method newly developed in Refs. [1, 2] is applied to solve the ground state wave function and energy for Schroedinger equation with a twodimensional non-separable potential.
Different versions of perturbation expansion, as well as the Green's function based on this new method are tested using this example. The results are also compared to the one from the traditional perturbation theory (see Appendix B). The consistency of all the results proves the applicability and potential of the various versions of this new method. To solve a problem based on the new perturbation expansion method it seems better to use gλU as the perturbed potential. Compared to the potential ǫU, a faster convergence could be obtained; while compared to the potential g 2 µU, gλU could avoid the complex in calculating the trajectory S 0 when µU is included in v, as shown in section II. While the perturbation expansion seems to rely on the scale factor g, the Green's function method is more general and provides a much wider applicability. It is of interests to apply this new method to other areas of physics where Schroedinger equation with strong potential or with various kinds of perturbations needs to be solved.
l,m applied in our paper are given in the following:
For comparison the result for the same Hamiltonian based on the traditional perturbation theory is given in the following.
For the Hamiltonian
The unperturbed part gives
m n (x, y), where the unperturbed wave function and energy are
Introducing matrix elements Up to the order of ǫ 2 , the perturbed energy and ground state wave function could be expressed as
0 0 (x, y).
Based on the basic formula of the traditional perturbation theory, using the values of F g(x 2 +by 2 ) χ(x, y) = e −g S 0 · χ(x, y).
Comparing the coefficients of each x m y n term, the obtained χ(x, y) is exactly the same as the results based on the newly developed method shown in our paper.
